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1 Introduction

1.1 Motivation

Oriented percolation, which is a directed version of classical Bernoulli percolation
(introduced by Broadbent and Hammersley [3] to understand percolation of a liquid
in a porous medium), provides a model for a variety of physical systems in chemistry,
solid state physics, and astrophysics. At a theoretical level, it is one of the simplest
system exhibiting a phase transition, and has been as such an object of intensive
study in the last 50 years. It is also related to the geometric representation of the one-
dimensional contact process introduced by Harris [15,16] and is therefore interesting
from the point of view of particles systems as well. We refer to [11] for a review on
the subject and for further references.

The model is defined as follows. Consider the rotated (and rescaled) square lattice
L := {(x1, x2) ∈ Z2 : x1 + x2 even}. Each vertex x ∈ L is connected to the vertices
x + (−1, 1) and x + (1, 1) by two oriented edges, see Fig. 1. Let p ∈ [0, 1]. Each
oriented edge is said to be open with probability p, and closed with probability 1− p,
independently of the state of the other edges. The law of the set of open edges is
denoted by Pp.

In oriented percolation, we study the connectivity properties of the random graph
with vertex set L, and edge set given by the open oriented edges. These open oriented
edges should be understood as the set of edges allowing us to go upwards in the
system. An open path is a collection of vertices x0, x1, . . . , xk such that the oriented
edge (xi , xi+1) is open for every 0 ≤ i < k. Two vertices x and y are said to be
connected (denoted x → y) if there exists an open path starting at x and ending at y.
Let C0 be the connected component of the origin, i.e. the set of vertices x such that
0 → x . In what follows, 0 → ∞ denotes the event that C0 is infinite.

(0, 0)

Fig. 1 The lattice L with the oriented edges
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Let Zd be a d-dimensional integer lattice, and D(x) is the
probability distribution on Zd

I. Percolation
Each bond {u, v}, which is a pair of vertices in Zd , is either
occupied or vacant independently of the other bonds. The
probability that {u, v} is occupied is defined to be pD(v − u),
where p ≥ 0 is the percolation parameter.
II. Oriented Percolation
Each ordered bond {(u, t), (v , t + 1)}, which is a pair of vertices in
Zd × Z+, is either occupied or vacant independently of the other
bonds. The probability that {(u, t), (v , t + 1)} is occupied is
defined to be pD(v − u), where p ≥ 0 is the percolation parameter.
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The primary models in this talk are defined as follows:
1. Bernoulli models on Zd :

D(x) =

{
1
2d , if |x | = 1,

0, others.

Let L ∈ N fixed s.t.

D(x) =
h(x/L)∑
y h(y/L)

,

2. spread-out models: h ∈ (0,∞) is symmetric with compact
support. (e.q. h(x) = 1‖x‖∞≤1)
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3. long-range spread-out models with order α: if h ∈ (0,∞) is
symmetric function and h(x) ≈ |x |−d−α for some α > 0.
(f (x) ≈ g(x) means |f (x)/g(x)| ∈ (0,∞) as |x | → ∞).

4. Bernoulli models on Ld (Body Centered Cubic Lattice ) :

D(x) =

{
1
2d
, if

∏d
j=1 |xj | = 1,

0, others.
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Let

Co =

{
{x ∈ Zd : o ↔ x}, Percolation,

{x ∈ Zd : (o, 0)→ (x , t) for some t ∈ N}, OP,

and let

θp := Pp(|Co | =∞), pc(d) := sup{p : θp = 0}.

Some well-known results:

I For Bernoulli percolation on Z2, Kesten (1980) showed that
pc(2) = 2.However for Bernoulli oriented percolation on Z2, it
is still open to find the value of pc(2).

I van den Berg and Keane (1982) showed that θp is continuous
on (pc(d), 1/‖D‖∞].

I Burton and Keane (1989) showed that If θp > 0, then Pp(∃ a
unique infinite cluster ) = 1.
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critical exponents for percolation

Let

χp := Ep(|C0|), p < pc , ϕp(x) = Pp(o ↔ x),

ξ−1p = lim
n→∞

{
−1

n
logPp(o ↔ ∂B(n))

}
, p < pc ,

where χp is called the susceptibility, and ξp is called the
correlations length.

Note that if we definition

τp =

√∑
x∈Zd

|x |2ϕp(x), p < pc . ( mean square displacement)

It can be showed that ξp ≈ τp as p is near pc .
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For finite-range percolation models, it is expected that, around
p = pc , we observe the following power behavior characterized by
the critical exponents β, γ, η, ν and δ such that

θp ≈p↓pc (p − pc)β, χp ≈p↑pc (pc − p)−γ ,

ϕpc (x) ≈ |x |2−d−η, ξp ≈p↑pc (p − pc)ν ,

Ppc (|C0| = n) ≈ n−1−1/δ.

For long-range percolation models, we modify τp as follows:

τp =
(∑
x∈Zd

|x |rϕp(x)
)r
, p < pc , r < α.(Gyration radius)

It is expected that, around p = pc , we observe the following power
behavior characterized by the critical exponents β, γ, δ, ... such that

θp ≈p↓pc (p − pc)β, χp := Ep(|C0|) ≈p↑pc (pc − p)−γ ,

ϕpc (x) ≈ |x |(α∧2)−d−η, ξp ≈p↑pc (p − pc)ν ,

Ppc (|C0| = n) ≈ n−1−1/δ.
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The exponents γ, η, β and ν are predicted to be Fisher’s relations
as follows:

γ = (α ∧ 2− η)ν, γ + 2β = β(δ + 1).

Question: What are the values of γ, η, β and ν ?
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For finite-range percolation models
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Let
∇p(w) =

∑
x ,y∈Zd

ϕp(x)ϕp(y − x)ϕp(w − y)

The triangle diagram is defined by

T (p) = sup
w∈Zd

∇p(w),

and the triangle condition is that T (pc) <∞.
Theorem (Aizenman and Newman (1984), Barsky and Aizenman
(1991))
The triangle condition implies γ = 1, β = 1 and ν = 1

2 . (Mean
fields behavior)
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Theorem (Hara and Slade, 1990) For spread-out model with L�
and d > 6, we have

γ = 1, ν =
1

2
for any dimensions d > 6.

Theorem (Hara, Hoffstad and Slade, 2003) For spread-out model
with L�, we have

η = 0 for any dimensions d > 6.

Theorem (Chen and Sakai, 2015) For long-range model with α 6= 2
and L�, we have

γ = 1, ν =
1

α ∧ 2
and η = 0 for any dimensions d > 3(α ∧ 2).
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Theorem (Chen and Sakai, 2019) For long-range model with α = 2
and L�, we have

γ = 1, ν =
1

α ∧ 2
and η = 0 with logarithmic terms

for any dimensions d ≥ 6.

Theorem (Handa, Kamijima and Sakai (2019) For Bernoulli
percolation on d-dimensional BCC lattice with d ≥ 9 , we have

γ = 1, ν =
1

2
.
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critical exponents for oriented percolation

Let

χp := Ep(|C0|), ϕp(x , n) = Pp((o, 0)→ (x , n)),

τp(n) :=

√∑
x∈Zd

|x |2ϕp(x , n), p < pc ,

where χp is called the susceptibility, ξp is called the correlations
length and τp(n) is called the mean square displacement at time n.
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For finite-range oriented percolation models, it is expected that,
around p = pc , we observe the following power behavior
characterized by the critical exponents β, γ, δ, ... such that

θp ≈p↓pc (p − pc)β, χp ≈p↑pc (pc − p)−γ ,
∞∑
n=0

ϕpc (x , n) ≈ |x |2−d−η, τpc (n) ≈ nν

Ppc (|C0| = n) ≈ n−1−1/δ.
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For long-range oriented percolation models, we modify τp as
follows:

τp(n) =
(∑
x∈Zd

|x |rϕp(x , n)
)r
, p < pc , r < α.

It is expected that, around p = pc , we observe the following power
behavior characterized by the critical exponents β, γ, δ, ... such that

θp ≈p↓pc (p − pc)β, χp ≈p↑pc (pc − p)−γ ,
∞∑
n=0

ϕpc (x , n) ≈ |x |α∧2−d−η, τpc (n) ≈ nν

Ppc (|C0| = n) ≈ n−1−1/δ.
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Let

∇p(x , n) =
∑
(y ,l)

∑
(w ,m)

ϕp(y , l)ϕp(w − y ,m − l)ϕp(w − x ,m − n)

the triangle condition is that

lim
R→∞

sup{∇pc (x , n) : |(x , n)| ≥ R} = 0.

Theorem (Barsky and Aizenman (1991))
The triangle condition implies γ = 1, β = 1 and ν = 1

2 .
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Theorem (Nguyen and Yang, 1995) For spread-out model with
L�, we have

γ = 1, ν =
1

2
for any dimensions d > 4.

Theorem (Hoffstad and Slade, 2003) For spread-out model with
L�, extended above results for p = pc with error estimates.
Theorem (Chen and Sakai, 2008, 209) For long-range model with
α > 0 and L�, we have

γ = 1, ν =
1

α ∧ 2
for any dimensions d > 2(α ∧ 2).

Theorem (Chen, Handa and Kamijima, submitted) For Bernoulli
model on d-dimensional BCC lattices, we have

γ = 1, ν =
1

α ∧ 2
for any dimensions d ≥ 9.
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Key arguments

1. Lace expansion and Bootstrapping argument (OP models)
By lace expansion

ϕp(x , t) = δo,xδ0,t + ΠN
p (x , t) +

((
δo,·δ0,· + ΠN

p

)
∗ qp ∗ ϕp

)
(x , n)

+(−1)N+1RN+1
p (x , t),

where

ΠN
p (x , t) =

N∑
n=0

(−1)nπ
(n)
p (x , t), qp(x , t) = D(x)δt,1.

We can show that for p < pc , we get |RN
p (x , t)| → 0 for all (x , t)

then

ϕp(x , t) = δ0(x)δ0,t + Πp(x , t) +
((
δo,·δ0,· + Πp

)
∗ qp ∗ ϕp

)
(x , n)
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Define

g1(p,m) := p(m ∨ 1),

g2(p,m) := sup
k∈[−π,π]d z∈C, |z|∈(1,m)

|ϕp(k, z)|
|Ŝµp(z)(k)|

,

g3(p,m) := sup
k∈[−π,π]d z∈C, |z|∈(1,m)

|12∇k(q̂p(l , z)ϕ̂p(l , z)|
Ûµp(z)(k , l)

,

where ∇k f̂ (l) = f̂ (l + k) + f̂ (l − k)− 2f̂ (k) and
µp(z) =

(
1− ϕ̂p(o, |z |)−1

)
e i argz . For the nearest-neighbor

oriented percolation on BCC lattices with dimensions d ≥ 8, we
can show that {gi (p,m)}3i=1 satisfies the following three properties:
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I {gi (p,m)}3i=1 are continuous in m ∈ [0,mp) for every
p ∈ (0, pc).

I There are finite constant {Ki}3i=1 such that gi (0, 1) < Ki with
Ki > 1 for i = 1, 2, 3.

I We fix both p ∈ (0, pc) and z ∈ C with |z | ∈ (1,mp) and
assume gi (p,m) ≤ Ki , i = 1, 2, 3. Then, the stronger
inequalities gi (p,m) < Ki , i = 1, 2, 3, hold.
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To estimate the upper bound of g2(p,m), we need to estimate the
upper bound as follows

Π̂p(o, |z |)− Π̂p(k , |z |)
|1− e iθD̂(k)|

, where z = re iθ, θ ∈ (−π, π). r ∈ [1,mp).

Proposition For BCC lattice Ld with d ≥ 2, we have

g2(p,m) := sup
k∈[−π,π]d z∈C, |z|∈(1,mp)

|ϕp(k , z)|
|Ŝµp(z)(k)|

,

= sup
k∈[−π/2,π/2]d z∈C, |z|∈(1,mp)

|ϕp(k , z)|
|Ŝµp(z)(k)|

,
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2. Triangle condition
a. For percolation models, let
G (x) :=

∑∞
n=0 Sn(x) := 1 +

∑∞
n=1 D̂

∗n(x). Then using inverse
formula, we get

∇pc =
∑
x∈Zd

G ∗3pc (x) =

∫
[−π,π]d

ddk

(2π)d
Ĝpc (k)3

≈
∫
[−π,π]d

ddk

(2π)d
1(

1− D̂(k)
)3 .
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b. For oriented percolation models, let
G (x , n) := Sn(x) :=

∑∞
n=1 D̂

∗n(x). Then using the
Hausdorff-Young inequality, we get

sup
(x ,n)
∇p(w , n) ≤ sup

(x ,n)

∑
(w ,s)

ϕ∗2p (w , s)ϕp(w − x , s − n)

≤
∫ π

−π

dθ

2π

∫
[−π,π]d

ddk

(2π)d
∣∣ϕ̂pc (k, e iθ)2ϕ̂pc (k , e−iθ)

∣∣

Using the infrared bound (i.e., |ϕ̂pc (k, e iθ)| ≤ K
|1−e iθD̂(k)|

for some

K ∈ R), Then

sup
(x ,n)
∇p(w , n) ≈

∫ π

−π

dθ

2π

∫
[−π,π]d

ddk

(2π)d
e−ik·x∣∣1− D̂(k)e iθ

∣∣3 <∞, d > 8.

Then triangle condition holds.
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